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Question 1 [12 marks] 
(a) [3 marks] Let F' and G be smooth and conservative vector fields. Prove that 
V-(F x G) =0. 

(b) [3 marks] The vector field 

3 : rer ; 7m ¢ 

F = 5 (2sind sino? — cosd sing — cos 9) , r #0 
r 
in spherical polar coordinates is conservative. Determine a potential w for F’. 


(c) [4 marks] Suppose the field lines of a smooth vector field F' are parallel straight lines. 
Prove that V xX F is orthogonal to F. 


(d) [2 marks] Determine V - F and V x F for the vector field F = rsin20# +r cos 200 


(in spherical polar coordinates). 


Question 2 [12 marks] 


(a) [2 marks] Let S be the surface of the cube centered at the origin with sidelength 2. 
For the vector field F = yzi + azj + ryk, determine [[, F-dS. 


(b) [5 marks] Let F = (#2 + y+2+2)i+(e” +y?)j + (34+2)k, and let S be the part 
of the spherical surface x? + y? + z? = 2az + 3a? that is above the ry-plane. Find the 


flux of F outward across S. 


(c) [3 marks] Explain how Stoke’s theorem implies that a vector field F’ on a simply 


connected domain 2 is conservative if V xX F =0. 


(d) [2 marks] Let S be a piecewise smooth, oriented surface in a domain 2 C R* whose 
boundary consists of piecewise smooth closed curves, and let F' be a conservative vector 
field. What can you say about ff s(V X F)-dS? Provide a brief explanation of your 


answer. 


AMTH246 Exam Trimester 2 2018 


Question 3 [6 marks] 


The velocity of a fluid flow in two dimensions is v = axt — ayj, where a is a positive 


constant. 


(a) [3 marks] Determine the pathline of a particle within the flow v with coordinates 


(Xo, Yo) at t = 0. What is the general shape of the pathlines of this flow? 


(b) The flow described by v contains a pollutant with concentration 


at 


c(x,y,t) = Bx?ye™, 
where £ is a constant. 


(i) [1 mark] Is the concentration of the pollutant steady? 


(ii) [2 marks] Does the pollutant concentration within any fluid element change with 


time? 


Question 4 [6 marks] 


Consider a three dimensional body of water rotating within and with a bucket under 
the effects of gravity with constant angular velocity 2, such that the velocity of the water 


is v = —Qyt + Oxy. 


(a) [2 marks] Given that the velocity of the fluid is steady, assuming that the flow is both 
inviscid and incompressible, and that the only body force is due to gravity, write down 


the Euler equations for the flow described by v in component form. 


(b) [2 marks] Integrate the Euler equations that model the motion of the water in the 


bucket to determine the pressure within the flow at given (z, y, z) coordinates. 


(c) [2 marks] The surface of the water in the bucket can be treated as a surface of constant 
pressure (in this case, atmospheric pressure, denoted p,). Using your solution from 
part (b), determine the shape of the surface of the water. Where is the lowest point 


of the surface of the water within the bucket? 
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Question 5 [6 marks] 


The function f(x) is a periodic function defined on the whole of R with period 27, such 


that on the interval (—7, 7) 


0 for -7t<2<0, 
f(z) = 


a? Or, Oe a ar, 
(a) [4 marks] Determine the Fourier series for f(x). 


(b) [2 marks] Does the Fourier series converge for « = a7? Provide a reason for your 


answer. If the Fourier series for x = 7 does converge, then determine the limit. 
Question 6 [6 marks] 
(a) [3 marks] Given that the Fourier transform of a function f is defined as 
FO=FINO= | fee**as, 


show that 
F (f!) (€) = 2migf (©), 
if both f and f’ are in £1 (R) (in particular, lim f(x)e! = 0). 


(b) [1 mark] Let f(a) = e~°* where a > 0 is a constant. Show that f(z) satisfies the 
ordinary differential equation f’(x) = —2azx f(x). 


(c) [2 marks] Given that 


L dy 
F (f(a) (©) = 5550) 
show that the Fourier transform of the differential equation in part (b) can be rewritten 
as 7 
df Qn7E » 
deo a 


Then, solve the above differential equation to show that 


A 


fQaKere, 


where K is a constant that results from the integration of the differential equation for 
fi above. Finally, use the facts that K = f (0) and dias ee dz= 7m to determine K. 
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Spherical polar coordinates (r, 6, ¢) 


. Op, 100, 1 A, 
e Gradient: Vy = an 6 ! rsin@ ok 


2 OF,. t 0 Lor, 1 OF 
e Divergence: V -F = —-F,4 ae ° : 
r rsin@ 0¢ 


Or r 9 | » 20 
; - rO rsindd 
; a a 2a a 
Curk Vx FF = ang| a 38 36 
FF, rFo rsin@ Fy 
20) Py  cotddp 10 | 1 Oy 
r Or Or? 2 80° 72.002 2 sin? 6 AG? 
volume element: r? sin 6 dr dO d@ 


Laplacian: V7) = 


Cylindrical polar coordinates (p, ¢, z) 


e Gradient: Vw = se ous, aa 


OF, 10Fs , OF. 


F 
e Divergence: V- F = 4 


p Opp 0 Oz 
| é pe k 
e Curl: V xX F= 3 a me 2 
Fy ply: Fy, 
: 10y Op 10%) Aw 
Lapl N= 
e Laplacian: Vw p06 Oe | Oe OF 


e volume element: pdpd¢édz 


The Euler equation 


dt 


Please remember: This examination paper MUST BE HANDED IN. Failure to do 


d 1 
For a fluid with conservative body forces, ae ee —Vp. 
n 


so may result in the cancellation of all marks for this examination. Writing your 


name and number on the front will help us confirm that your paper has been 


returned. 


